Modeling layered intercalation compounds from first principles poses a problem, as many of their properties are determined by a subtle balance between van der Waals interactions and chemical or Madelung terms, and a good description of van der Waals interactions is often lacking. Using van der Waals density functionals we study the structures, phonons and energetics of the archetype layered intercalation compound Li-graphite. Intercalation of Li in graphite leads to stable systems with calculated intercalation energies of −0.2 to −0.3 eV/Li atom, (referred to bulk graphite and Li metal). The fully loaded stage 1 and stage 2 compounds LiC6 and Li 1/2 C6 are stable, corresponding to two-dimensional √ 3 × √ 3 lattices of Li atoms intercalated between two graphene planes. Stage N > 2 structures are unstable compared to dilute stage 2 compounds with the same concentration. At elevated temperatures dilute stage 2 compounds easily become disordered, but the structure of Li 3/16 C6 is relatively stable, corresponding to a √ 7 × √ 7 in-plane packing of Li atoms. Firstprinciples calculations, along with a Bethe-Peierls model of finite temperature effects, allow for a microscopic description of the observed voltage profiles.
I. INTRODUCTION

Intercalation of metal atoms into graphite
1 has lead to a wealth of interesting physical phenomena. Alkali, alkaline earth or rare earth metal atoms can be inserted between the graphene layers of graphite without disrupting the bonding pattern within the graphene layers, and the electronic structure of the metal-graphite compound can be deduced from the interactions between the graphene and the metal layers. 2, 3 Intercalation in fewlayer graphene is explored for modifying its electronic, transport, and optical properties. 4, 5 Some of these metalgraphite compounds even become superconducting.
2,6,7
The metal intercalation process is usually reversible, making graphitic carbon one of the most used materials in anodes of rechargeable batteries.
8-11
Li-graphite is the archetypical intercalation compound in this class, whose composition Li x C 6 can easily be varied between x = 0 and x = 1, giving rise to a surprisingly rich phase diagram. [12] [13] [14] [15] [16] [17] Li intercalation in carbonbased materials is also relevant to hydrogen storage, as a tool to manipulate dehydrogenation reactions. [18] [19] [20] [21] The structure of the fully loaded stage 1 compound LiC 6 consists of graphene alternating with a layer of Li atoms. Controlling the Li content electrochemically and monitoring the Li x C 6 potential as a function of x shows a sequence of plateaus that is interpreted as subsequent phase equilibria. [12] [13] [14] [15] [16] [17] Stage N (= 2, 3, ...) defines a structure consisting of a stack of N graphene layers alternating with a Li layer, 1 and for 1/N < x < 1/(N − 1) it is proposed that the stage N and stage N − 1 phases are in equilibrium. Upon decreasing the Li content to x < 1/N , one then moves to the next equilibrium plateau between stage N +1 and stage N phases. This simple model is under scrutiny though, as neutron diffraction experiments give evidence for the formation of phases with partially filled Li layers instead of fully completed higher order stage N phases, 14 and calculations suggest the relative stability of certain partially filled structures. 22 Experimental characterization of Li intercalation is hampered by kinetic barriers, 23 which can give rise to non-equilibrium intermediate phases. First-principles calculations provide a valuable contribution to modeling the intercalation process, 24, 25 but specifically for the prototype intercalation compound Li-graphite this has proven to be a challenging task. Different Li-graphite phases emerge from a subtle balance between the interactions of the Li atoms with the graphene sheets and the van der Waals (vdW) interactions between the graphene sheets. 26 The most widely used first-principles approaches, i.e. local 27 or semi-local approximations 28 to density functional theory (DFT), 29 fail to describe the inherently non-local vdW interactions.
The phase diagram of Li-graphite based upon calculations with a semi-local functional, without correcting for vdW interactions, is even qualitatively wrong, as it does not yield any particularly stable ordered structure besides the stage 1 compound LiC 6 , which is in contradiction to experimental results. [12] [13] [14] [15] [16] [17] Although it does not include vdW interactions, the local density approximation (LDA) yields reasonable equilibrium structures, both for graphite, as well as for the stage 1 intercalation compound LiC 6 .
30,31 As we will discuss below, the energetics of intercalation is not described very accurately by LDA however. The interlayer binding energy of graphite is a factor of two too small, whereas the Li intercalation energy is a factor of two too large.
One may include vdW interactions by adding a parametrized semi-empirical atom-atom dispersion energy to the conventional Kohn-Sham DFT energy, as in the DFT-D2 method. 32 A problem with this approach is that vdW interactions depend critically on the charge arXiv:1410.5632v1 [cond-mat.mtrl-sci] 21 Oct 2014 state of the atoms involved. For instance, the vdW interaction of a Li + ion with its environment is substantially smaller than that of the neutral Li atom (because virtual excitations from the 2s shell give a large contribution to the polarizability of the atom and the vdW interaction). As Li atoms interacting with graphene become partially ionized, 33 the parameters describing the vdW interaction need to be refitted. 34 This means that the method loses its predictive power if the charge on the metal atoms is not known beforehand. Other semiempirical schemes have been developed that are specifically targeted at modeling vdW interactions in layered materials such as graphite, requiring the input of the material's elastic properties, obtained either from advanced many-body calculations, or from experiment.
31
Many-body approaches such as quantum Monte Carlo (QMC) or the random phase approximation (ACFDT-RPA) incorporate a description of the vdW interactions, and have been used to calculate the binding between the graphene layers in graphite, for instance. 35, 36 However, as such methods are computationally very demanding, they cannot be applied to Li-graphite compositions that require the use of large unit cells. An alternative approach to include vdW interactions is using a van der Waals density functional (vdW-DF), [37] [38] [39] [40] which is an explicit non-local functional of the density. This is the approach we use here.
In this paper we study the intercalation of Li into graphite entirely from first-principles using a vdW DFT functional, i.e., without any empirical data or ad hoc vdW corrections. First we validate this approach by calculations on pure graphite. In particular we show that the phonon band structure and elastic constants of graphite are reproduced well, including the ones that depend on the coupling between the graphene layers, where the contribution of vdW interactions is critical. Then we apply this approach to intercalation compounds Li x C 6 , 0 ≤ x ≤ 1, identifying stable phases and their properties. We establish that the fully loaded stage 1 and stage 2 compounds are stable, but stage N > 2 structures are unstable compared to dilute stage 2 compounds with the same concentration. At elevated temperatures these dilute stage 2 compounds easily become disordered. This paper is organized as follows. Sec. II discusses the computational details. In Sec. III A we apply the vdW-DF approach to bulk graphite and compare the performance of different versions of the vdW-DF. In Sec. III B we study the Li intercalation into graphite, and Sec. IV presents the summary and conclusions.
II. COMPUTATIONAL METHODS
We perform first-principles calculations within the framework of density functional theory (DFT) 27, 29 using the projector augmented wave method (PAW) 41, 42 as implemented in the Vienna ab initio simulation package (VASP). 43, 44 To include the non-local vdW interactions, we use a van der Waals density functional 39,40 as implemented in VASP 45, 46 using the algorithm of Ref. 47 . The exchange-correlation energy in the vdW-DF has the form
where E c (vdW) is the energy resulting from non-local electron-electron correlations, approximated by an expression in terms of the electron density, 39, 40 and E c (loc) represents the energy contribution of the local electronelectron correlations, for which the local density approximation (LDA) is used. In the original vdW-DF, 39 the revPBE functional 48 is used to calculate the contribution of the exchange energy E x . We also try the vdW-DF2 functional, 49 which uses a modified vdW kernel along with the PW86 exchange functional. 50 Both the original vdW-DF and the vdW-DF2 functionals tend to overestimate the lattice constants and underestimate the formation energies of solids somewhat. 46 The optimized exchange functionals introduced in Refs. 45 and 46, i.e. optB88, optPBE and optB86b, alleviate these problems, and we will test these functionals.
Standard PAW data sets are used, which are generated and unscreened using the PBE functional. 28 For lithium we use an all-electron PAW description, whereas for carbon the 1s core state is kept frozen. A kinetic energy cutoff of 550 eV is employed for the plane wave expansion of the Kohn-Sham states. The atomic positions are optimized with the conjugate gradient method until the forces on atoms are less than 10 −2 eV/Å. This criterion is sufficiently strict to obtain converged total energies. In addition to atomic positions, the volume and shape of the cells are optimized for bulk graphite and the Li-graphite compounds.
51
Lattice vibrational frequencies are calculated for bulk graphite and the Li-graphite systems from the dynamical matrix, where the force constants are obtained using the finite difference method of Ref. 52 . Calculating an accurate dynamical matrix requires starting from very accurate atomic equilibrium positions. So as a first step the latter are further optimized until the forces on the atoms are less than 10 −4 eV/Å. Next the atoms are displaced one-by-one and the resulting forces on all the other atoms are calculated. The typical size of a displacement is n × 0.015Å. Four displacements (n = {−2, −1, 1, 2}) per independent degree-of-freedom are applied in order to remove anharmonic contributions to the forces.
A Γ-centered 24×24×10 k-point mesh is used to sample the Brillouin zone (BZ) of AB stacked graphite. The same k-point density is used for the calculations on Li intercalation in graphite. The Methfessel-Paxton (MP) scheme 53 with a smearing width of 0.2 eV is employed for the occupation of the electronic levels. The energy convergence with respect to the k-point sampling is better than 1 meV/C. III. RESULTS
A. Graphite
We start with bulk graphite to critically test different vdW-DFs. Key quantities are the equilibrium structure and the equilibrium binding energy. Somewhat more demanding properties that probe the potential energy surface close the equilibrium minimum, are the phonon spectrum and the elastic constants. Table I gives the equilibrium distance d between the graphene layers and the equilibrium interlayer binding energy E B (the graphite total energy subtracted from twice the total energy of isolated graphene layers), calculated using different exchange and vdW functionals. All tested functionals yield an in-plane lattice constant a very close to the experimental value, indicating that the binding within a graphene plane is represented well. The interlayer distance d, however, is considerably overestimated by plain PBE without vdW forces (PBE-PBE): 4.40Å vs. 3.34Å. Indeed, the lack of vdW attraction is also apparent from a near absence of any interlayer binding (E B = 1 meV/C). LDA gives a reasonable interlayer distance of 3.25Å, but a interlayer binding of only 24 meV. 30, 31, 35, 36 By including vdW interactions both the interlayer distance and binding energy are reproduced markedly better. There is a modest spread in the results produced by the different functionals. The optB88-vdW and optB86b-vdW functionals give the best performance regarding the structure, with optimized interlayer distances within 1% of the experimental value (3.34Å). The PBE-vdW and optPBE-vdW functionals give interlayer distances that are 3% too large, and the interlayer distances produced by the revPBE-vdW and rPW86-vdW2 functionals are 5% and 7.5% too large, respectively. Concerning performance with regard to binding energy, the order of the functionals is reversed. The revPBE-vdW and rPW86-vdW2 functionals give a binding energy that is very close to the experimental value and to the value obtained from quantum Monte Carlo calculations (QMC). 35 The other functionals (PBE-vdW, optB88-vdW, optPBE-vdW and optB86b-vdW) overestimate the experimental binding energy by 21 to 24 %. These results are in line with previous findings.
56-58
From here on we select the optB88-vdW functional for our calculations, as it gives a very good interlayer distance and an acceptable interlayer binding energy. Details of the graphite structure are also given correctly. For instance, AB-stacked graphite is 10 meV/C more stable than AA-stacked graphite, which is in agreement with experiment. 59, 60 Moreover, this result is in excellent agreement with the number of 10 meV/C obtained in a recent ACFDT-RPA calculation. 36 Note that the optPBE-vdW functional, adopted in Ref. 61 , performs about equally well (7 meV/C).
Phonons probe the potential energy surface close to the equilibrium structure, and are therefore a good test on the functional. Of particular interest are the low frequency phonons that involve interlayer motions, as vdW interactions play a major role there. Figure 1 shows the graphite phonon dispersion calculated with the optB88-vdW functional, starting from the optimized equilibrium structure, i.e., the optimized in-plane lattice constant a = 2.47Å and interlayer distance d = 3.36Å. The calculated phonon dispersions are in good agreement with experiments.
63-67 This is evident from Table II , which lists phonon frequencies at the high-symmetry points A, Γ, M , and K, see also Ref. 68 . The labels L, T and Z denote longitudinal, in-plane transversal and out-ofplane transversal polarization respectively. A primed O (O ) labels an optical mode where within the layers the atoms oscillate in phase whereas the two layers in the unit cell oscillate in anti-phase. An unprimed optical mode is a mode where atoms inside the same layer move in opposite directions.
Note in particular that the low frequency modes (below ∼ 150 cm −1 ) between Γ and A, which are particularly sensitive to the interlayer coupling, are well reproduced. This is not the case if one uses GGA (PBE-PBE) without vdW contributions, where the frequencies of the low-energy modes in particular are strongly underestimated. 68 Forcing the experimental c/a ratio upon the graphite structure largely repairs this deficit and yields sensible vibration frequencies.
68 However, such a procedure requires input of experimental data.
Elastic properties are a second good test for the quality of the potential energy surface predicted by the firstprinciples calculations. Table III shows the elastic prop- erties of graphite calculated with the optB88-vdW functional. To obtain the elastic constants we perform ground state total-energy calculations over a broad range of lattice parameters: 2.20 ≤ a ≤ 2.68Å and 4.00 ≤ c ≤ 11.00Å. The calculated results are then fitted to a twodimensional sixth order polynomial. The stiffness coefficients C 11 + C 22 , C 33 and C 13 are obtained as second derivatives of the energy with respect to a, c and both a and c, respectively. The bulk modulus B 0 and the tetragonal shear modulus C t are obtained from the stiffness coefficients. The procedure is similar to that of Ref. 68 . 68 A similar improvement is observed for the bulk modulus B 0 .
Note that the revPBE-vdW functional gives a C 33 that is somewhat too small, compared to experiment. Apparently, the revPBE-vdW functional gives an energy curve for the binding between the graphene layers that is somewhat too shallow, which is consistent with the fact that the revPBE-vdW equilibrium distance is somewhat too large, see Table I . In this respect the optB88-vdW functional performs better, although it gives an interlayer binding energy that is somewhat too large. In fact, all elastic constants obtained with optB88-vdW are in good agreement with experiment, except for C 13 .
B. Li intercalation
The intercalation of Li in graphite leads to compounds Li x C 6 with 0 ≤ x ≤ 1 with different structures as a function of the Li content x. We consider a large number of possible Li n C m (x = 6n/m) structures and compositions, see Sec. III B 2, where we use the optB88-vdW functional in all calculations, unless explicitly mentioned otherwise. In all cases the cell parameters, as well as the atomic positions, are optimized. The intercalation energy E int per Li atom is defined as
where E(Li n C m ) is the total energy per formula unit of the Li n C m (Li 6n/m C 6 ) phase, E(Li metal ) is the total energy per atom of bcc bulk Li, and E Gr is the total energy of one graphite unit cell (containing four carbon atoms). Alternatively the intercalation energy can be referred to the free Li atom by subtracting the cohesive energy of the Li metal (1.578 eV/Li atom with optB88-vdW). Note that a negative value for E int means that the intercalated compound is stable with respect to graphite and Li metal.
LiC6 and Li0.5C6
We start with the fully loaded stage 1 compound LiC 6 and stage 2 compound Li 0.5 C 6 (LiC 12 ). The stage 1 compound has -A-Li-A-Li-stacking with an optimized graphene interlayer distance of 3.64Å, which is close to the experimental value of 3.70Å. 73 For the fully lithiated stage 2 compound we consider both -A-Li-A-A-Li-A-and -A-Li-A-B-Li-B-stacking, and find that, in agreement with experiment, 15 the former is favored over the latter. The calculated difference in intercalation energy is 32 meV/Li. The optimized average distance between the graphene layers in LiC 12 is 3.49Å, and the distance between the empty graphene layers is 3.27Å. These numbers are in good agreement with the experimental values of 3.51Å and 3.27Å, respectively. 15, 73 Evidently the optB88-vdW functional accurately reproduces the structures of LiC 6 and Li 0.5 C 6 .
The calculated intercalation energies for the stage 1 and stage 2 compounds LiC 6 and LiC 12 are −0.217 and −0.273 eV/Li, respectively, indicating the relative stability of the stage 2 compound. The intercalation free energies of the stage 1 and 2 compounds, extracted from electrochemical measurements at 300 K, are −0.156 and −0.227 eV/Li, respectively. 13 The intercalation enthalpies of LiC 6 and LiC 12 obtained from calorimetric measurements at 455 K with respect to liquid Li, are −0.144 and −0.257 eV/Li, respectively. 74 Converting to solid Li as a reference state, 75,76 these enthalpies become −0.113 and −0.226 eV/Li. Even without including vibrational and finite temperature effects (to be discussed below), the calculations give intercalation energies that are consistently more negative than those obtained experimentally. 77 Part of this might be due to an error we make in describing the Li metal. For instance, the atomization energy of the Li metal comes out 0.1 eV too small with the optB88-vdW functional.
46
So far we have not considered the vibrational contributions. The calculated phonon densities of states (Ph-DOS) of LiC 6 and LiC 12 are given in Fig. 2 . They can be compared to the PhDOSs of pure graphite and bulk Li metal. Whereas the phonon spectrum of graphite includes frequencies of up to 50 THz, see also Fig. 1 and Table II , the phonon frequencies in bulk Li are all below 10 THz. The PhDOSs of LiC 6 and LiC 12 reflect this division into two frequency regimes. The low frequency modes definitely have a mixed carbon lithium character, whereas in the high frequency modes only carbon atoms participate. Comparing to the pure graphite and bulk Li spectra there are significant changes, however.
The PhDOS at high frequencies of lithiated graphite is clearly shifted to lower frequencies, as compared to the PhDOS of pure graphite. Upon Li intercalation the in-plane C-C bond length becomes larger and the bonds become weaker, as Li atoms donate electrons to the π * anti-bonding states of graphite. This leads to lower vibrational C-C stretch frequencies, which is noticeable in the high frequency range. There are also changes in the low frequency range, where vibrational modes concerning the motion of Li atoms are found. A double peak structure in the PhDOS between 6 and 14 THz can be identified, and assigned to modes where the Li atoms vibrate in the ab-plane, or along the c-axis, with the latter vibrations having the highest frequency. On average, the vibrational frequencies of intercalated Li atoms clearly are larger than those in bulk Li, indicating that intercalation confines the motion of the Li atoms.
Zero-point vibrational energies (ZPEs) are dominated by high frequency modes, which in this case are the stretch modes of the carbon lattice. As the frequencies of such modes are lower in intercalated graphite than in pure graphite, it means that the ZPE in intercalated graphite is lower. Hence the ZPE gives a negative contribution to the intercalation energy. Indeed, including The temperature dependence of the intercalation free energy of LiC 6 and LiC 12 is also determined by the phonons, as there is no contribution from configurational entropy in these fully lithiated compounds. The vibrational energy and entropy contributions to the intercalation enthalpy, entropy, and free energy can be calculated using standard harmonic oscillator expressions. 78, 79 The thermodynamic quantities are shown in Fig. 3 . The intercalation enthalpy hardly changes over the temperature range 0-400 K. This makes sense as the vibrational contributions are dominated by the high frequency modes, and the occupancy of these modes is not very sensitive to the temperature in this range. Note that the intercalation entropy is negative, and goes through a distinct minimum around 200 K. The entropy is dominated by the low-frequency modes. The stiffening of the Li vibrational modes in intercalated graphite (with respect to Li metal) reduces the entropy, resulting in a negative intercalation entropy. This effect has been observed experimentally. 16, 80 Adding enthalpy and entropy contributions yields an intercalation free energy that is monotonically increasing with temperature.
The ZPE contribution to the intercalation energies of Li x C 6 is almost constant for x 0.375, and one can expect it to be smaller for x < 0.375. In the following we compare relative intercalation energies for different x. The ZPE contribution is then relatively unimportant, hence we do not consider it from here on. Table IV . As all these energies are negative, it follows that intercalation is favorable at any Li concentration.
Li intercalation in graphite becomes more favorable upon increasing the concentration up to x = 3/16. In the concentration range 3/16 < x ≤ 1 Li intercalation becomes slightly less favorable. The average interlayer spacing d av tends to increase with the Li concentration x. Exceptions are x = 3/16 and x = 1/2, which coincide with minima in E int (x). For these compositions that yield particular stable structures, d av is smaller than that of adjacent compositions. Note that the most stable stacking of the graphene planes is AA-type for x > 3/8, i.e., -A-Li-A-A-Li-A-. The stacking changes to AABB-type (-A-Li-A-B-Li-B-) for lower Li concentrations, however. Whereas the intercalation energies of AA and AABB stackings are within 2 meV/Li of one another for x = 3/8, the difference increases to 150 meV/Li in favor of the AABB stacking for x = 1/8.
To stress the importance of vdW interaction for the energetics of intercalation, Fig. 5 shows the Li intercalation energies calculated with the optB88-vdW and the PBE-PBE functionals (using optB88-vdW geometries). As the latter functional lacks vdW interactions that give the in- terlayer bonding in graphite, intercalation of any amount of Li lowers the energy, as Li binds to the graphene planes. The bonding is partially ionic as Li donates electrons to the carbon lattice. 33 The Coulomb repulsion between Li atoms/ions can be minimized in a diluted intercalation structure, which means that in absence of vdW interactions the intercalation energy monotonically increases with Li concentration. However, vdW interactions between the graphene planes oppose this trend. Intercalation disrupts the stacking of graphene planes, so vdW interactions prefer to cluster Li atoms such as to minimize the spatial extend of these disruptions.
Omitting vdW interactions thus leads to an net overestimation of the effect of Li-graphene attractions in Li x C 6 compounds with small x and a net overestimation of the Li-Li repulsions for large x. Hence, the intercalation energy is too small (i.e., too negative) for small x, and too large for large x. The PBE-PBE intercalation energy is a monotonically increasing function of x, instead of having minima at a specific x. It means that PBE-PBE yields Li x C 6 compounds where the Li concentration x is a simple monotonic function of the Li chemical potential, like in a simple lattice gas. This is clearly at variance with experiment, where phases with specific compositions are found to be thermodynamically stable.
12-15,22
The balance between the graphene-graphene vdW bonding and the Li-graphene bonding gives the optB88-vdW curve shown in Fig. 5 . The curve has two shallow minima at concentrations x = 3/16 and x = 1/2, respectively. The latter corresponds to the fully loaded stage 2 compound, where the Li atoms order in plane in a regular √ 3 × √ 3 lattice, as shown in Fig. 4 . The x = 3/16 structure corresponds to a dilute stage 2 compound, where the Li atoms order in plane in a regular √ 7 × √ 7 lattice, see Fig. 4 . One should note however that several other dilute stage 2 structures with compositions x ≤ 0.5 have an intercalation energy within 20 meV of the two structures of Fig. 4 . We will come back to this point later. Such dilute stage 2 structures, where partially loaded layers alternate with empty layers, are in fact more stable than stage 3-5 structures of the same composition Li x C 6 , where fully loaded layers are separated by more than one empty layer. The calculated optimized structural properties and intercalation energies of selected stage 3-5 structures are listed in Table V . It means that, according to the calculations, it is not likely that stage 3-5 structures are formed during loading of graphite with Li.
Stable phases
Intercalation energies for a large number of structures and different compositions are given in Fig. 6(a) . In agreement with the results shown in the previous subsection the two stage 2 Li x C 6 structures with x = 3/16 and x = 1/2 give the optimal intercalation, corresponding to in-plane √ 7 × √ 7 and √ 3 × √ 3 orderings of Li atoms, respectively. Several dilute stage 2 structures with other compositions and slightly different in-plane orderings have slightly less favorable intercalation energies, but very different stage 2, or stage 1 and 3-5 structures have unfavorable intercalation energies.
A structure Li x C 6 is stable with respect to decomposition into Li x1 C 6 and Li x2 C 6 , x 1 < x < x 2 , if its Gibbs free energy G(x) is lower than that of the possible decomposition mixture, [(
. First we will consider zero temperature, where for solid states Gibbs free energies can be approximated by ground-state total energies,
where we use graphite and Li metal as reference phases. The values of G 0 are given in Fig. 6(b) for the different structures and compositions x. Constructing a convex curve from straight line segments between the data points with x that are lowest in energy, only the points on that curve represent stable phases. The segments represent the free energies of decomposition mixtures. From our calculations the only stable phases at T = 0 are then the stage 2 compounds LiC 32 and LiC 12 , and the stage 1 compound LiC 6 , corresponding to x = 3/16, 1/2 and 1, respectively.
Note that after starting the intercalation, first the phase appears with the lowest intercalation energy E int , i.e., LiC 32 (x = 3/16). The following sequence of phases is then expected upon increasing the Li content. For 0 < x < 3/16, graphite and the stage 2 compound LiC 32 coexist (red line in Fig. 6(b) ), followed by a coexistence of the stage 2 compounds LiC 32 and LiC 12 for 3/16 < x < 1/2 (green line), and finally a coexistence of the stage 2 compound LiC 12 and the stage 1 compound LiC 6 for 1/2 < x < 1 (blue line). Experimentally the stability and structures of the LiC 12 and LiC 6 compounds are well established. [12] [13] [14] [15] 22 Also quite consistently a stable phase with a composition around x ≈ 0.2 is observed, which we attribute to the √ 7 × √ 7 dilute stage 2 structure. The experimental phase diagram between compositions x ≈ 0.2 and 0.5 appears to be quite complicated. We attribute this to the effects of disorder entropy in the dilute stage 2 structures, to be discussed in the next subsection.
Experimentally the phase diagram of Li-graphite is often characterized by measuring the potential difference between a Li x C 6 electrode and a Li metal electrode, 12,13
with µ metal the chemical potential of Li metal. The chemical potential of Li in Li x C 6 µ(x) = ∂G(x)/∂x is the derivative of the curve in Fig. 6(b) . Because of the convex shape of this curve, V is a monotonically decreasing function of x. In particular, if at any concentration x two stable phases x 1 < x 2 are in equilibrium, then the chemical potential is constant in this concentration range, and is given by the slope of the corresponding straight line segments in Fig. 6 (b)
The potential V (x) as a function of concentration is then a staircase, where each plateau characterizes a mixture of the stable compositions x 1 and x 2 . The calculated potential for the Li-graphite system at T = 0 is plotted in Fig. 6(c) . Note that the first plateau after starting the intercalation should correspond to minus the intercalation energy −E int of the first stable phase, which is LiC 32 (x = 3/16), cf. Eq. (3)- (5). The calculated sequence of voltage plateaus then follows the sequence of mixtures of stable phases discussed above. Compared to the voltages measured in experiment, [12] [13] [14] [15] [16] 22 the calculated voltages are somewhat too high, e.g., by ∼ 50 mV at x = 1. The difference ∆V ≈ −120 mV between the x < 3/16 and the x > 1/2 plateaus, however, agrees quite well with experiment, suggesting that the calculated results include a constant offset. Again, part of this might be due to an error made in the description of Li metal. The shape of the voltage curve for x < 0.5 is quite different from experiment. We attribute this to the effects of finite temperature, as will be discussed in the next subsection. 
Finite temperature
As already mentioned, the configurational entropy is zero for the fully loaded stage 1 (LiC 6 ) and stage 2 (Li 0.5 C 6 ) structures. The configurational entropy contribution to the intercalation free energy could be important, however, for the partially loaded stage 1 and stage 2 compounds in Table IV and Figure 6(a-c) . In this section we assess its effect. We ignore vibrational contributions to energy and entropy as they are only weakly dependent on composition.
To account for the configurational entropy S config , we follow the Bethe-Peierls method of Ref. 22 and treat the intermediate Li x C 6 compositions as alloys of occupied and unoccupied Li lattice sites. Positions above the centers of C 6 hexagons count as possible lattice sites for Li atoms, as in the structures of Fig. 4 , for example. An effective short range repulsion between Li atoms is introduced by excluding configurations where two Li atoms occupy two adjacent, i.e., edge sharing, hexagons, because that is energetically highly unfavorable. 82 No longer range interactions between Li atoms are assumed, which means that we probably slightly overestimate the configurational entropy contribution to the free energy. The Bethe-Peierls model provides an exact statistical treatment of Li atoms occupying 7 sites in a hexagonal lattice (the central site and its first ring of neighbors). A mean field treatment accounts for the interactions with the rest of the lattice.
Subtracting T S config from E int and xT S config from G 0 , Eq. (3), we obtain the plots shown in Fig. 6(d-f) , calculated for room temperature (T = 300 K). Comparing Figs. 6(a) and (d) one observes that the configurational entropy contribution substantially lowers the intercalation (free) energy for some compositions. This also has a marked effect on the Gibbs free energies, shown in Fig. 6(e) , where several intermediate compositions besides the T = 0 structures for x = 3/16, 1/2 and 1, are stabilized at T = 300 K. Constructing the convex curve connecting the free energy minima we find stable compositions at x = 3/20, 3/16, 1/4, 3/8, 1/2, 21/24 and 1.
The calculated potential V (x) at T = 300 K is plotted in Fig. 6(f) . Comparing to the situation at T = 0, Fig. 6(c) , we observe that the steps at x = 3/16 and x = 1/2 remain prominent. The difference between the plateaus at x < 3/16 and x > 1/2 increases somewhat, from ∆V ≈ −120 mV (T = 0) to −160 mV (T = 300 K). The main difference lies in the shape of the curve for intermediate compositions 3/16 < x < 1/2, where entropy effects at finite temperature lead to a decrease of the po-tential step at x = 1/2 and a concomitant increase of the step at x = 3/16. Intermediate compositions are also stabilized, but only lead to small potential steps, indicating that the Gibbs free energy G(x) of the (disordered) dilute stage 2 compound is nearly linear in x in this range. The potential rises again at x ≤ 3/20, but for smaller x the calculations become increasingly more difficult.
The voltage curve shown in Fig. 6 (f) is in line with what is found in experiments, where a small potential step is typically observed at x = 0.5, a larger one at or close to x = 0.2, and further increases of the potential for smaller x. [12] [13] [14] [15] [16] 22 Evidently including entropy effects leads to a decent description of the voltage curve. It also implies that the curve for x ≤ 0.5 can be interpreted on the basis of stage 2 compounds only, and that there is no need to invoke stage N > 2 compounds.
Entropy effects were also studied in Ref. 22 , for stage 1 compounds with compositions in the range 0.5 ≤ x ≤ 1, where vdW contributions are likely to be less important. That study employed LDA and GGA functionals without vdW corrections, and found a stabilization at 300 K of the two compositions x ≈ 0.55 and x ≈ 0.88. With the vdW functional we find the composition x = 0.875 stabilized at T = 300 K, but we have not considered structures with compositions near 0.55. In view of the different functionals used, we consider this good agreement. The calculated potential step at x = 0.875 is small, see Fig. 6 (f), and it hardly changes the potential curve, as compared to the zero temperature curve, see Fig. 6(c) .
IV. SUMMARY AND CONCLUSIONS
Li/graphite is the archetypical intercalation system. As a material it is of utmost importance for applications in rechargeable Li-ion batteries. It shows a remarkable palette of structures and phases as a function of the Li concentration Li x C 6 , 0 < x ≤ 1. Accurately modeling layered intercalation compounds from first principles has hitherto been very difficult, as their structure is often determined by a fine balance between van der Waals (vdW) interactions and chemical or Madelung interactions, and standard first-principles techniques lack a good description of vdW interactions.
Using recently proposed vdW density functionals we study the structures and the energetics of bulk graphite and Li-graphite intercalation compounds. Different versions of vdW functionals are benchmarked on bulk graphite, where they give a good description of the bonding and the structural properties. Selecting the functional that yields the most accurate structure (optB88-vdW) one also finds an accurate description of the graphite phonon band structure and the elastic constants from first principles.
Intercalation of Li in graphite leads to stable systems with calculated intercalation energies of −0.2 to −0.3 eV/Li atom (referred to bulk graphite and Li metal). The calculations give negative intercalation entropies of −0.06 to −0.08 meV/K/Li atom at room temperature resulting from the phonon contributions, demonstrating that the motion of Li atoms in the intercalated compound is more constrained than in the bulk Li metal.
The fully loaded stage 1 and stage 2 compounds LiC 6 and Li 1/2 C 6 are thermodynamically stable, corresponding to two-dimensional √ 3 × √ 3 lattices of Li atoms intercalated between each pair of graphene planes, or every other pair, respectively. Stage N > 2 compounds, consisting of a √ 3 × √ 3 lattice of Li atoms intercalated between two graphene planes alternating with N − 1 empty layers, are predicted to be unstable. Instead, upon decreasing the Li concentration it is more advantageous to decrease the packing of Li atoms in the stage 2 compound. The compound Li 3/16 C 6 is particularly stable; it corresponds to a √ 7 × √ 7 in-plane packing of Li atoms. Apart from a short-range repulsion the effective inplane interaction between Li atoms in stage 2 compounds is relatively weak. At elevated temperatures dilute stage 2 compounds Li x C 6 , x < 0.5 are therefore easily disordered. Even at room temperature the relative stability of the Li 3/16 C 6 and Li 1/2 C 6 structures can still be recognized, however. The voltage profile extracted from the calculations is in reasonable agreement with experiments, which demonstrates the improvements of first-principles techniques in calculating the properties of intercalation compounds.
